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Abstract
In this paper we study the asymptotic behaviour of the constants in Sobolev inequalities
in thin domains with respect to the thickness of the domain ε. We prove that the sharp
Sobolev constants in thin domains converge to the sharp Sobolev constant on the lower-
dimensional domain, as ε tends to zero.
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1. Introduction
In many applications it is of great interest to study physical processes in thin
domains whose extension in one or more (say ) directions is small compared
to the extension in other (say m) directions. Simple examples of such domains
are thin pipes and bars ( = 2, m = 1) or thin plates and fractures ( = 1,
m = 2). Numerical studies of PDEs in such domains are difficult due to their
two-scale structure. A mathematical way to overcome that difficulties is to try
to reduce the dimension of the problem by considering the limit as the domain
thickness tends to zero. For such asymptotic study it is very important to get sharp
a priori estimate for the solutions. Indeed, a technique of two-scale convergence,
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developed in [4], reduces all the difficulties to finding an optimal estimate. To do
that we need to know the exact dependence of the constants in Sobolev imbedding
inequalities on the domain thickness. In the present paper we consider the
asymptotic behaviour of the imbedding constants Cε(r, q) of W 1,r ↪→ Lq for 1
q < r∗ = nr/(n− r), r < n. In case r = q we can prove by direct integration (see,
e.g., [4]) that Cε(r, r)=O(1). For the general case one can use the interpolation
as in [3]. However, that way we do not get the optimal estimates. Our approach
is variational. We write the sharp Sobolev constant in Ωε as the solution of the
nonlinear eigenvalue problem (2). Then we apply the two-scale convergence for
thin domains, defined in [4], to prove that limε→0 ε(r−1−q−1)Cε(r, q)= C0(r, q),
where C0(r, q) is the solution of the eigenvalue problem (5) posed on the lower-
dimensional domain with codimension . Our result implies the sharp asymptotic
behaviour
Cε(r, q)=O(ε(q−1−r−1)),
where = 1 in case of thin plate or fracture and = 2 in case of thin bar or pipe.
2. Definition of the problem and statement of the main result
Let ω ⊂ Rm be a bounded domain and let ε  1 be a small parameter.
For each x1 ∈ ω we denote by S(x1) ⊂ R a bounded domain such that a
family {S(x1)}x1∈ω forms a Lipschitz domain Ω ⊂ Rm+ and that the measure
|S(x1)|> 0:
Ω = {z= (x1, y) ∈ Rm+; x1 ∈ ω, y ∈ S(x1)},
Γ = {z= (x1, y) ∈ Rm+; x1 ∈ ω, y ∈ ∂S(x1)},
Σ = ∂Ω\Γ = {z= (x1, y) ∈ Rm+; x1 ∈ ∂ω, y ∈ S(x1)}.
For a small parameter ε 1 we define a thin domain
Ωε =
{
x = (x1, x2) ∈ Rm+; x1 ∈ ω, x2 ∈ εS(x1)},
Γε =
{
x = (x1, x2) ∈ Rm+; x1 ∈ ω, x2 ∈ ε∂S(x1)},
Σε = ∂Ωε\Γε =
{
x = (x1, x2) ∈Rm+; x1 ∈ ∂ω, x2 ∈ εS(x1)}.
Let r ∈ [1, n[, n = m + . Due to the Sobolev theorem there exist constants
Cε(r, q) such that
|ϕ|Lq(Ωε)  Cε(r, q)|ϕ|W 1,r (Ωε) (1)
for all q ∈ [1, r∗], r∗ = nr/(n− r). Here, and in the sequel we choose
|ϕ|W 1,r (O) = |ϕ|Lr(O) + |∇ϕ|Lr(O).
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Relich–Kondrachev’s theorem implies that the above imbedding W 1,r (Ωε) ↪→
Lq(Ωε) is compact for all q ∈ [1, r∗[. In that case Cε(r, q) can be seen as an
eigenvalue on the nonlinear problem
Cε(r, q)−1 = inf
{ |ϕ|W 1,r (Ωε)
|ϕ|Lq(Ωε)
; ϕ ∈W 1,r (Ωε), ϕ = 0
}
. (2)
We prove that such Cε(r, q) is sharp. Indeed, we have:
Lemma 2.1. The infimum in (2) is attained and Cε(r, q)−1 > 0.
Proof. The proof of this lemma is an elementary exercise from the calculus of
variations. Since it is rather instructive and not too long we write it for readers
convenience.
The mapping ϕ → |ϕ|Lq(Ωε) is continuous in the weak W 1,r topology (due
to the Relich–Kondrachev’s theorem) and the mapping ϕ → |ϕ|W 1,r (Ωε) is weak
lower semicontinuous (w.l.s.c.) on W 1,r (Ωε), due to its convexity. Let
Fε(ϕ)=
{ |ϕ|
W1,r (Ωε)|ϕ|Lq (Ωε) , ϕ ∈W
1,r (Ωε), ϕ = 0,
+∞, otherwise.
(3)
Since Fε is homogeneous, i.e., Fε(λϕ)= Fε(ϕ), we have
Cε(r, q)−1 = inf
W 1,r (Ωε)
Fε = infK Fε = infK
1
|ϕ|Lq(Ωε)
,
where K = {ϕ ∈ W 1,r (Ωε); |ϕ|W 1,r (Ωε) = 1}. Now, for any n ∈ N, there exists
some ϕn ∈K such that
Cε(r, q)−1  1|ϕn|Lq(Ωε)
 Cε(r, q)−1 + 1
n
. (4)
Since ϕn ∈K, there exists a subsequence (denoted again by the same symbol) and
some ϕ∞ ∈W 1,r (Ωε), such that
ϕn→ ϕ∞ weakly in W 1,r (Ωε) and strongly in Lq(Ωε).
Furthermore, weak lower semicontinuity of the W 1,r (Ωε) norm implies that
|ϕ∞|W 1,r (Ωε)  1. Taking the limit in (4) gives
Fε(ϕ∞)
1
|ϕ∞|Lq(Ωε)
= Cε(r, q)−1
leading to
Fε(ϕ∞)= Cε(r, q)−1.
Obviously, ϕ∞ = 0 and Fε(ϕ∞) = 0. ✷
We can now state our main result:
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Theorem 2.1. Let
C0(r, q)−1 = inf
{ ||S( · )|1/rϕ|Lr(ω) + ||S( · )|1/r∇x1ϕ|Lr(ω)
‖S( · )|1/qϕ|Lq(ω) ;
ϕ ∈W 1,r (ω), ϕ = 0
}
. (5)
Then C0(r, q)−1 > 0 and
lim
ε→0 ε
(1/r−1/q)Cε(r, q)= C0(r, q).
To prove that the above result has a sense we first have the following lemma:
Lemma 2.2. The infimum in (5) is attained and C0(r, q)−1 > 0.
The proof is the same as the proof of Lemma 2.1.
3. Convergence of Sobolev constants
For the proof we use the notion of two-scale convergence introduced in [4].
3.1. Two-scale convergence for thin domains
We recall the definition of the two-scale convergence from [4]:
Definition 3.1. We say that a sequence {vε}ε>0, such that vε ∈ Lr(Ωε), Lr -two-
scale converges to a function V ∈Lr(Ω) (we use the notation Lr -2s convergence
in the sequel) if
1
ε
∫
Ωε
vε(x)φ
(
x1,
x2
ε
)
dx→
∫
Ω
V (x1, y)φ(x1, y) dx1 dy (6)
for any φ ∈ Lr ′(Ω), where 1/r + 1/r ′ = 1 if 1 < r <∞ and r ′ = 1 if r =∞,
r ′ = ∞ if r = 1. We, also, say that a sequence {vε}ε>0, such that vε ∈ Lr(Ωε)
strongly Lr -two-scale converges (notation s-Lr -2s) to a function V ∈Lr(Ω) if
1
ε/r
∣∣∣∣vε(x)− V
(
x1,
x2
ε
)∣∣∣∣
Lr(Ωε)
→ 0. (7)
For the properties of such convergence we refer to [4]. Modifying Theorem 1
from [4], we prove here the compactness result that will be needed in the sequel:
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Proposition 3.1. Suppose that the sequence {ϕε}, ϕε ∈W 1,r (Ωε), is such that
ε−/r |ϕε|W 1,r (Ωε)  C. (8)
Then there exists a subsequence, denoted for simplicity by {ϕε}, and ϕ0 ∈
W 1,r (ω), ψ0 ∈ Y r = {ψ ∈ Lr(Ω); ∇yψ ∈Lr(Ω)} such that
ϕε → ϕ0 s-Lq -2s, 1 q < r∗ = nr
n− r , (9)
∇ϕε →∇x1ϕ0 +∇yψ0 Lr -2s. (10)
Furthermore, ψ0 can be chosen such that∫
∂S(x1)
ψ0(x
1, y)n(x1, y) dSy = 0 for a.e. x1 ∈ ω, (11)
where n(x1, · ) is the exterior unit normal on ∂S(x1).
Proof. We define the rescaled sequence φε(x1, y) = ϕε(x1, εy) ∈ W 1,r (Ω).
Changing the variables in (8) we get
|φε|W 1,r (Ω) C.
Furthermore,
|∇yφε|Lr(Ω)  Cε.
Thus, there exist ϕ0 ∈W 1,r (Ω), χ ∈Lr(Ω), such that, up to a subsequence,
φε → ϕ0 weakly in W 1,r (Ω),
strongly in Lq(Ω), 1 q < r∗,
ε−1∇yφε → χ weakly in Lr(Ω).
Furthermore,∇yϕ0 = 0, i.e., ϕ0 ∈W 1,r (ω). On the other hand, for any z ∈ Y r ′divy =
{φ ∈ (Y r)n; φ = 0 on Γ, divy φ = 0} we have
0= ε−1
∫
Ω
∇yφεz→
∫
Ω
χz.
Now the partial DeRham’s theorem (Proposition 2 from [4]) implies that χ =
∇yψ0 for some ψ0 ∈ Y r . Such ψ0 is determined up to a constant and it can be
chosen such that (11) holds.
We first conclude that
ε−/q |ϕε − ϕ0|Lq(Ωε) = |φε − ϕ0|Lq(Ω) → 0.
Second, we take some φ ∈ Lr ′(Ω). Then
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ε−
∫
Ωε
∇ϕε(x)φ(x1, x2/ε) dx
=
∫
Ω
(∇x1φε + ε−1∇yφε)(x1, y)φ(x1, y) dy dx1
→
∫
Ω
(∇x1ϕ0 +∇yψ0)(x1, y)φ(x1, y) dy dx1. ✷
3.2. Proof of Theorem 2.1
Let Fε be defined by (3) and F0 by
F0(ϕ)=
{ ||S( · )|1/rϕ|Lr (ω)+||S( · )|1/r∇x1ϕ|Lr (ω)
||S( · )|1/qϕ|Lq (ω) , ϕ ∈W
1,r (ω), ϕ = 0,
+∞, otherwise.
We begin by noticing that both infima of Fε and of F0 are attained at some
points ϕε and ϕ0, respectively. Furthermore, due to the homogeneity of Fε we
can assume that
ε−/r |ϕε|W 1,r (Ωε) = 1.
A simple computation gives
ε(q
−1−r−1)Fε(ϕ0)= F0(ϕ0)
so that
ε(q
−1−r−1)Fε(ϕε) F0(ϕ0). (12)
Due to the Proposition 3.1, there exist z ∈W 1,r (ω), w ∈ Y r such that
ϕε → z s-Lq -2s,
∇ϕε →∇x1z+∇yw Lr -2s
and (11) holds for w. The convexity of Lr norm implies that
|z|Lr(Ω) + |∇x1z+∇yw|Lr(Ω)  lim inf
ε→0 ε
−/r |ϕε|W 1,r (Ωε) = 1.
The strong two scale convergence implies that
ε/q |ϕε|Lq(Ωε) → |z|Lq(Ω) =
∣∣|S|1/qz∣∣
Lq(ω)
.
As
|∇x1z+∇yw|rLr (Ω) =
∫
ω
∫
S(x1)
|∇x1z+∇yw|r
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
∫
ω
∣∣∣∣∣
∫
S(x1)
(∇x1z+∇yw) dy
∣∣∣∣∣
r ∣∣S(x1)∣∣1−r dx1
=
∫
ω
∣∣S(x1)∣∣1−r
∣∣∣∣∣∣∣S(x1)∣∣∇x1z(x1)
+
∫
∂S(x1)
w(x1, y)n(x1, y) dSy
∣∣∣∣∣
r
dx1
= (condition (11))= ∣∣|S|1/r∇x1z∣∣rLr (ω),
we obtain
F0(z) lim inf
ε→0 ε
(q−1−r−1)Fε(ϕε) lim sup
ε→0
ε(q
−1−r−1)Fε(ϕε)
 (due to (12)) F0(ϕ0).
Thus
C0(r, q)−1 = F0(z)= F0(ϕ0)= lim
ε→0Fε(ϕε)
= lim
ε→0 ε
(q−1−r−1)Cε(r, q)−1. ✷
Remark 1. The above convergence of the sequence of functionals Fε is similar
to the Γ -convergence (see, e.g., [2] as a general references on Γ -convergence).
In fact, the alternative proof can be done using the modification of the Γ -
convergence to shrinking domains given by Anzellotti et al. in [1].
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